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Abstract

A modi�ed set of Maxwell�s equations is presented that includes complex coordinate

stretching along the three cartesian coordinates� The added degrees of freedom in the

modi�ed Maxwell�s equations allow the speci�cation of absorbing boundaries with zero

re�ection at all angles of incidence and all frequencies� The modi�ed equations are also re�

lated to the perfectly matched layer that was presented recently for 	�D wave propagation�

Absorbing material boundary conditions are of particular interest for �nite di�erence time

domain 
FDTD� computations on a single�instruction multiple�data 
SIMD� massively par�

allel supercomputer� A ��D FDTD algorithm has been developed on a Connection Machine

CM�
 based on the modi�ed Maxwell�s equations and simulation results are presented to

validate the approach�

�� Introduction

The �nite di�erence time domain method ��� 	� is widely regarded as one of the most

popular computational electromagnetics algorithms� Although FDTD is conceptually very

simple and relatively easy to program� the method is actually quite e�cient since it involves

O
N���� computational complexity in 	�D and O
N����� computational complexity in ��D

���� In fact� FDTD can be considered an optimal algorithm since O
N�� numbers are
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produced in O
N�� operations�

FDTD is also ideally suited for implementation on a single�instruction multiple�data


SIMD� massively parallel computer� The reason is that the stencil operations that must

be computed at each node of the space grid involve only nearest�neighbor interactions and

may be implemented at a minimum communication cost ���� A major challenge� however�

is in implementing absorbing boundary conditions 
ABCs� at the edges of the FDTD

grid� On scalar and vector computers� these boundary conditions are typically computed

using methods such as the Engquist�Majda �
�� Mur ���� Liao ��� or Higdon ��� ABC�

However� these methods are not ideal for parallel supercomputers since they all involve

communication with many elements normal to the grid boundary� Such communication

can easily surpass the time spent computing core FDTD operations in the grid interior�

especially for higher�order boundary conditions� and hence can become a bottleneck in the

FDTD code� Also� they do not allow for SIMD operation on a parallel machine without

the use of masking�

An alternate method of implementing an ABC is to use a conventional absorbing

material boundary ��� ����� � For SIMD parallel computation� these methods have the

advantage that the ABC may be implemented with the same FDTD stencil operation as

the interior nodes by modifying the conductivity material parameter at the edge of the

FDTD grid� The disadvantage is that the re�ection coe�cient at the absorbing border is

zero only at normal incidence and is both angle and frequency dependent� Consequently�

the absorbing material border region must be made quite large�typically 	����� grid

points along each edge in order to minimize re�ections�

Recently� Berenger ��
� suggested a more general method of implementing an absorbing

material boundary condition� Berenger proposed a procedure for 	�D wave propagation

whereby Maxwell�s equations are generalized and added degrees of freedom are introduced�

The added degrees of freedom allow the speci�cation of absorbing borders with zero re�

�ection coe�cient at all angles of incidence and all frequencies� Moreover� the generalized

	



Maxwell�s equations reduce to the familiar Maxwell�s equations as a special case and hence

the same generalized equations can be used to propagate �elds in both the interior region

and absorbing region� Although the interface between the interior region and the absorb�

ing boundary is re�ectionless� there is still a re�ection from the edge of the grid� The

advantage of using Berenger�s procedure is that much larger conductivity values may be

speci�ed in the absorbing region� leading to a drastic reduction in the number of grid

points required for the absorbing boundary�

In the present paper� a formulation similar to the Berenger idea is derived for ��D wave

propagation from �rst principles using a coordinate stretching approach� The advantage

of the new method for SIMD parallel computation is stressed� The method is validated

with ��D FDTD numerical computations on a Thinking Machines Corporation Connection

Machine CM�
�

�� Modi�ed Maxwell�s Equations

For a general medium� we de�ne the modi�ed Maxwell�s equations in the frequency

domain� assuming e�i�t time dependence� as

re �E � i��H 
��

rh �H � �i��E 
	�

rh � �E � � 
��

re � �H � � 
��

where
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�
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�
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�
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�
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�
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�
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In the above� ei� hi� i � x� y� z are coordinate�stretching variables that stretch the x� y� z

coordinates for re and rh� It shall be shown later that when ei and hi are complex
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numbers� the medium can be lossy� Note that 
�� and 
�� are derivable from 
�� and 
	��

A general plane wave solution to Equations 
�� � 
�� has the form

E � E� e
ik�r 
��

and

H �H� e
ik�r 
��

where k � �xkx��yky��zkz� Substituting Equations 
�� and 
�� into Equations 
�� and 
	�

above gives

ke �E � ��H 
��

kh �H � ���E� 
���

where ke � �xkx
ex

� �y ky
ey

� �z kz
ez

and kh � �xkx
hx

� �y ky
hy

� �z kz
hz
� Combining the above� we have

�����H � ke � kh �H

� kh
ke �H�� 
ke � kh�H�

���

But from Equation 
��� ke �H � � for a homogeneous medium� This gives the dispersion

relation

���� � ke � kh 
�	�

or

	� �
�

exhx
k�x �

�

eyhy
k�y �

�

ezhz
k�z 
���

where 	� � ����� Equation 
��� is the equation of an ellipsoid in ��D and is satis�ed by

kx � 	
q
exhx sin 
 cos�� 
���

ky � 	
q
eyhy sin 
 sin �� 
�
�

and

kz � 	
q
ezhz cos 
� 
���
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Note that when ei� hi� i � x� y� z are complex� the wave in the x� y� and z directions are

attenuative and can be independently controlled� Under the matching condition� ex � hx�

ey � hy� and ez � hz� we have jkej� � jkhj� � 	�� The wave impedance is then given by

� �
jEj
jHj �

jkhj
��

�

r
�

�
� 
���

irrespective of the values for ei� i � x� y� z and the direction of propagation�

�� Single Interface Problem

Assume that a plane wave is obliquely incident on the interface z � � in Figure ��

Furthermore� we may assume that the plane wave is of arbitrary polarization� The incident

�eld may be decomposed into a sum of two components� one with electric �eld transverse

to z 
TEz� and the other with magnetic �eld transverse to z 
TMz�� We will examine

these two components individually�

x

y

z

transmitted
wave

reflected
wave

wave
incident

z=0
plane

region 1

region 2

Figure �	 Plane wave with arbitrary polarization incident on the plane
z � ��

In the 
TEz� case� we let the incident �eld in region � be given as

Ei � E� e
iki�r� 
���

In the above� khi � E� � �� and E� is in the xy plane� Similarly� we de�ne the re�ected

�eld in region � as

Er � RTE
E�r e

ikr�r 
���






and the transmitted �eld in region 	 as

Et � TTE
E�t e

ikt�r� 
	��

Phase matching requires that kix � krx � ktx and kiy � kry � kty� Hence� we can

de�ne E�r � E�t � E� since they all point in the same direction� Applying the boundary

condition that the tangential electric �eld must be continuous across the plane z � ��� we

have

� � RTE � TTE� 
	��

The magnetic �eld may be determined using Equation 
�� for regions � and 	 as

H� �
kie �E�

���
eiki�r � RTE

kre �E�

���
eikr�r 
		�

and

H� � TTE
kte �E�

���
eikt�r 
	��

where kie � �xkix
ex

��y kiy
ey

��z kizez and similarly for kre and kte� We also de�ne k�z � kiz� k�z �

ktz and note that krz � �k�z� Then equating the tangential components of Equations 
		�

and 
	��� we have

k�ze�z��
h
�� RTE

i
� TTE k�ze�z��� 
	��

Combining Equations 
	�� and 
	��� we have

RTE �
k�ze�z�� � k�ze�z��
k�ze�z�� � k�ze�z��


	
�

and

TTE �
	k�ze�z��

k�ze�z�� � k�ze�z��
� 
	��

Applying a similar procedure to the TMz component� we have

RTM �
k�zh�z�� � k�zh�z��
k�zh�z�� � k�zh�z��


	��

�
This boundary condition follows from the modi�ed Maxwell�s equation ����
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and

TTM �
	k�zh�z��

k�zh�z�� � k�zh�z��
� 
	��


� A Perfectly Matched Interface

The phase matching condition requires that k�x � k�x and k�y � k�y� or

	�
q
e�xh�x sin 
� cos�� � 	�

q
e�xh�x sin 
� cos�� 
	��

and

	�
q
e�yh�y sin 
� sin �� � 	�

q
e�yh�y sin 
� sin �� 
���

where 	� � �
p
���� and 	� � �

p
����� For a perfectly matched medium� we choose

�� � ��� �� � ��� ex � hx and ey � hy� Equations 
	�� and 
��� become

e�x sin 
� cos�� � e�x sin 
� cos�� 
���

and

e�y sin 
� sin �� � e�y sin 
� sin��� 
�	�

If we now choose e�x � e�x and e�y � e�y� then 
� � 
�� �� � �� and we can show that

both RTE � � and RTM � � for all angles of incidence and all frequencies�

If region � is a vacuum� then � � ��� � � ��� and


e�x� e�y� e�z� h�x� h�y� h�z� � 
�� �� �� �� �� ��� 
���

In order to have a lossy region 	 with no re�ections at the region ��region 	 interface� we

choose


e�x� e�y� e�z� h�x� h�y� h�z� � 
�� �� s�� �� �� s�� 
���

where s� is a complex number� In this case�

k�x � k�x � 	� sin 
 cos� 
�
�

k�y � k�y � 	� sin 
 sin � 
���

�



k�z � 	� cos 
 
���

k�z � 	�s� cos 
 
���

where 	� � �
p
����� If s� � s�

�
� is��

�
� the wave will attenuate in the z direction� This kind

of interface is useful for building material ABCs in a FDTD simulation�

�� Modi�ed Equations in the Time Domain

For the general case of a matched medium� we let ex � hx � sx� ey � hy � sy and

ez � hz � sz� Then� re � rh � �x �

sx
�
�x � �y �

sy
�
�y � �z �

sz
�
�z � In Equation 
��� we write the

curl as

re �E �
�

sx

�

�x
�x�E �

�

sy

�

�y
�y �E �

�

sz

�

�z
�z �E� 
���

Then� de�ning Hsx� Hsy � and Hsz in terms of the components of Equation 
���� we let

i��Hsx �
�

sx

�

�x
�x�E 
���

i��Hsy �
�

sy

�

�y
�y �E 
���

and

i��Hsz �
�

sz

�

�z
�z �E 
�	�

where H �Hsx �Hsy �Hsz � Similarly� we can write Equation 
	� as

�i��Esx �
�

sx

�

�x
�x�H 
���

�i��Esy �
�

sy

�

�y
�y �H 
���

and

�i��Esz �
�

sz

�

�z
�z �H� 
�
�

where E � Esx �Esy �Esz � Note that Hsi� Esi� i � x� y� z are two�component vectors�

We now let sx � �� i
x���� sy � �� i
y��� and sz � �� i
z���� Writing Equations


��� � 
�	� and 
��� � 
�
� in the time domain� we have

�
�Hsx

�t
�


x�

�
Hsx � � �

�x
�x�E 
���

�



�
�Hsy

�t
�


y�

�
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�y
�y �E 
���

�
�Hsz

�t
�


z�

�
Hsz � � �

�z
�z �E 
���

and

�
�Esx

�t
� 
xEsx �

�

�x
�x�H 
���

�
�Esy

�t
� 
yEsy �

�

�y
�y �H 

��

�
�Esz

�t
� 
zEsz �

�

�z
�z �H� 

��

Equations 
��� � 

�� described ��D wave propagation in a perfectly matched medium�

The wave propagation phenomenon described by these equations is very similar to that

described by Maxwell�s equations with the exception that attenuation may be controlled

through the 
x� 
y and 
z variables� The FDTD implementation of these equations on a

Yee FDTD grid is straightforward� Absorbing boundaries at the edges of the simulation

region may be created by choosing appropriate values of 
x� 
y and 
z� Equations 
��� �



�� may be seen to include Berenger�s equations ��
� as a subset for the 	�D TE or TM

case�

The above equations involve �	 components of electromagnetic �elds� For a free�

space�lossy medium interface� a scheme may be devised using only �� �eld components

for the ��D case� and only � components for the 	�D case� However� this is achieved at the

loss of SIMD operation on a parallel machine�

�� Computer Simulation Results

In order to demonstrate the new method� a ��D orthogonal grid FDTD algorithm was

developed based on Equations 
��� � 

��� The FDTD algorithm was implemented as a

SIMD code on the Thinking Machines Corporation Connection Machine CM�
� The al�

gorithm operates very e�ciently on the CM�
 because the FDTD stencil operations that

need to be computed at each node involve only nearest�neighbor interactions� The com�

munication operations resulting from the nearest�neighbor interactions are at a minimum

�



cost since the neighboring processors are for the most part at the bottom of the fat�tree

communication network� where communication bandwidth is maximum�

To validate our ��D FDTD algorithm� we solved a simple problem of computing the

�eld radiated from an in�nitesimal electric dipole in free space� An analytic solution was

also computed in the frequency domain for many excitation frequencies� The frequency

domain solution was then multiplied by the spectrum of FDTD source pulse and inverse

Fourier transformed to yield a time�domain analytic solution for comparison with the

FDTD solution�

The FDTD solution was solved in a cubic region of dimension 
Nx� Ny� Nz� �


�	�� �	�� �	� grid points� The grid parameters chosen were �x � �y � �z � 	�
 mm�

�t � ��
 ps and Nt � 
�	 time steps were computed�

The in�nitesimal electric dipole was simulated by exciting the Ey �eld in a single grid

cell with the source pulse

Jy
t� �
�

�x�y�z

h
�
t���� � 
t����

i
e�t�� 

	�

where � � ����f� and a value of f� � ��� GHz was chosen� The dipole source was located

at grid location 
nx� ny� nz� � 
��� ��� ���� The Ex and Ey �elds were obtained by sampling

the �elds at grid location 
nx� ny� nz� � 
��� ��� ����

The absorbing boundaries used for the FDTD simulation consisted of planar layers of

thickness � grid points on all surfaces� Along the borders parallel to x axis� the value of 
x

was speci�ed� while 
y and 
z were speci�ed on the borders parallel to the y and z axis�

respectively� The conductivity values were chosen with a parabolic taper decreasing from

the maximum value towards the center of the grid such that the re�ection coe�cient at

normal incidence was R� � ������

The Ex �eld computed using both the analytic formulation and the FDTD algorithm

are overlaid in Figure 	� The curves due to the analytic and numerical solutions are barely

distinguishable� indicating excellent agreement� Similarly� the Ey �eld due to the analytic

and numerical solutions are overlaid in Figure �� Again� we see excellent agreement�

��



Any di�erence between the analytic and numerical solutions in Figures 	 and � may be

attributed to modeling errors such as the �nite size of the dipole source and the discrete

approximation of Maxwell�s equations in addition to re�ections due to imperfections in the

absorbing boundaries�
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Figure �	 Analytic and numerical FDTD solution overlaid for the Ex �eld
resulting from an in�nitesimal electric dipole�

The CM�
 machine used to solve the FDTD problem is located at the National Center

for Supercomputing Applications 
NCSA� at the University of Illinois� The program was

written in CM Fortran and compiled using CMF version 	��� The CM�
 at the NCSA has


�	 nodes with vector units� CPU times were determined by running the problem on �	�

��� �	� and 	
� node partitions� For this problem� a total of ��
 million unknown �eld

quantities 
�	�� �	�� �	 grid� were determined for 
�	 time steps� The CPU times are

shown in Table ��


� Conclusions

��
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Figure �	 Analytic and numerical FDTD solution overlaid for the Ey �eld
resulting from an in�nitesimal electric dipole�

Table �	 CPU times for FDTD Problem on CM�


Nodes
CPU sec (Run 1, Run 2, Run 3, Avg.)

32 50.5, 50.2, 50.6; 50.4

64 29.9, 30.0, 30.0; 30.0

128 17.9, 18.4, 18.4; 18.2

256 12.4, 13.2, 12.7; 12.8

A modi�ed set of Maxwell�s equations have been introduced using complex coordinate

stretching factors along the three cartesian coordinate axis� This modi�cation introduces

additional degrees of freedom in Maxwell�s equations such that absorbing boundaries may

be speci�ed with zero re�ection coe�cient at all frequencies and all angles of incidence�

�	



The formulation was shown to be related to the perfectly matched layer that was recently

derived by Berenger for 	�D wave propagation� A ��D FDTD algorithm was developed from

the modi�ed Maxwell�s equations that uses the re�ectionless absorbing interface property

to implement radiation boundary conditions at the edges of the FDTD grid� The accuracy

of the algorithm was validated by computing the �eld radiated from an in�nitesimal elec�

tric dipole and comparing against a known analytical expression� The FDTD algorithm

was implemented on the Connection Machine CM�
 and timing results were presented�

This breakthrough in absorbing material boundary conditions allows EM scattering to be

computed very e�ciently on SIMD parallel computers�
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